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1. Introduction
This paper is concerned with the exterior problem for hyperbolic system of second order. Let
K be a closed domain with smooth boundary in R3 and let the origin belong to K. Consider





aijklt, x∂j∂luk  bi, i  1, 2, 3, t, x ∈ R × R3 \ K,
u0, x  fx, ∂tu0, x  gx,
ut, x  0, x ∈ ∂K,
1.1
where aijklt, x ∈ C2B0,∞ × R3 \ K and b  b1, b2, b3. We assume that aijklt, x satisfies
3∑
j,k,l1
aijklt, xeijekl ≥ α|E|2, α > 0, 1.2
2 Journal of Inequalities and Applications





t, x ∈ R × R3 \ K.
Let v  ∂tu. The system 1.1 can be written as an evolution system in the form
d
dt
U  AtU  B, 1.3
where
U  u1, u2, u3, ∂tu1, ∂tu2, ∂tu3
T



















Ikawa considered in 1 the mixed problem of a hyperbolic equation of second-order.
The existence theorem is known for the obstacle free problem in 2. Dafermos and Hrusa
proved in 3 the local existence of the Dirichlet problem for the hyperbolic system inside a
domain by energy method.
In this paper, we deal with the exterior problem for the second order hyperbolic
system. In Section 2, we show the existence of the exterior problem for the problem 1.1
by the semigroup theory. In Section 3, we prove the regularity for the solutions of the exterior
problem 1.1 and give the estimate for the regularity of solutions. In Section 4, we discuss
the application of the existence theorem to elastrodynamics.
2. Existence of the Exterior Problem for Hyperbolic System of
Second Order
Note thatHt  H10R
3 \ K × L2R3 \ Kwith the inner product








 v1, v2. 2.1
By 1.2 and Korn inequality cf. 4, 5, we have
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Then Ht is a Hilbert space with the inner product defined as above. We define the
operator without loss of generality, we still write this operator as At inHt by
At : D −→ Ht,
U −→ AtU,
2.3
where D  H2R3 \ K ∩ H10R3 \ K × H10R3 \ K. It is obvious that At is a densely
defined operator.
Lemma 2.2. There exists a constant c > 0 such that for anyU ∈ D,
∣∣∣AtU,UHt
∣∣∣ ≤ cU,UHt 2.4
holds.























































Corollary 2.3. For all real λ such that |λ| > 2c, the estimate
‖λI −AtU‖Ht ≥ |λ| − c‖U‖Ht 2.6
holds for anyU ∈ D.
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Proof. By 2.4,
λI −AtU, λI −AtUHt





≥ |λ|2U,UHt − 2|λ|cU,UHt

(
|λ| − 2c2  2c|λ| − 2c
)
‖U‖2Ht
≥ |λ| − 2c2‖U‖2Ht.
2.7
The estimate of the resolvent operator λI −At−1 is the following.
Lemma 2.4. There exists a constant δ > 0 such that for all λ real and |λ| > δ,
λI −At : D −→ Ht 2.8




≤ 1|λ| − δ . 2.9
Proof. Consider the system
λI −AtU  P, 2.10
namely,
λu − v  p
−atu  λv  q,
2.11
where p, q ∈ H10R3 \ K × L2R3 \ K  Ht.
The substitution of the first relation
v  λu − p 2.12
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By the well-known variation method, there exists a solution u ∈ H2R3 \K ∩H10R3 \K of



















of 2.10. Therefore, λI −At is a surjection.




≤ 1|λ| − 2c‖U‖Ht. 2.15
Let δ  2c, we have 2.9.
ForU  u, v ∈ HpR3 \ K ×Hp−1R3 \ K, we define the following norm:
‖U‖2p  ‖u‖2HpR3\K  ‖v‖2Hp−1R3\K. 2.16
Suppose that aijklt, x ∈ Cp0,∞ × R3 \ K, we have
Corollary 2.5. For the real number λ0 > δ (λ0 fixed) and the integer p ≥ 1, where δ is as in
Lemma 2.4, there exists dp > 0 such that for anyU ∈ D ∩ HpR3 \ K ×Hp−1R3 \ K,
‖U‖p < dp‖λ0I −AtU‖p−1. 2.17


























is a bijective continuous mapping, then λ0I − At is a closed operator. It implies that
λ0I −At−1 is also a closed operator. By Banach’s closed graph theorem, λ0I −At−1 is





≤ dp‖λ0I −AtU‖p−1. 2.19
Definition 2.6. Let X be a Banach space. A family {At}t∈0,T of infinitesimal generators of
C0 semigroups on X is called stable if there are constants M ≥ 1 and δ called the stability
constants such that






≤ Mλ − δ−k, ∀λ > δ,
2.20
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for every finite sequence 0 ≤ t1 ≤ t2 ≤ · · · ≤ tk ≤ T , k  1, 2, . . ..
Lemma 2.7. For t ∈ 0, T, let At be the infinitesimal generators of C0 semigroups Sts on the
Banach X. The family of generators {At}t∈0,T is stable if and only if there are constants M ≥ 1
and δ such that




















for any finite sequence 0 ≤ t1 ≤ t2 ≤ · · · ≤ tk ≤ T , k  1, 2, . . . .
Lemma 2.8. Let {At}t∈0,T be a stable family of infinitesimal generators of C0 semigroups Sts on
the Banach space X such that DAt  D is independent of t and for every U0 ∈ D, AtU0 is
continuously diﬀerentiable in X. If Bt ∈ C10, T;X, then
d
dt
Ut  AtUt  Bt 2.22
has a unique classical solutionUt ∈ C10, T;X ∩ C0, T;D such thatU0  U0.
The proofs of Lemmas 2.7 and 2.8 are in 6. The straightforward application of the
semigroup theory to the system 1.3 gives the following proposition.
Proposition 2.9. GivenU0 ∈ D and Bt ∈ C10, T,H10R3 \K×L2R3 \K, then there exists
one and only one solutionUt ∈ C10, T;H10R3 \K×L2R3 \K∩C0, T;D of 1.3 such
thatU0  U0.
Proof. Let X  Ht. For given t > 0, At is an infinitesimal generator of C0 semigroups Sts
on X. For anyU ∈ D, it is easy to know that
‖StsU‖Ht ≤ eδs‖U‖Ht. 2.23
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namely,
‖U‖Ht1 ≤ 1  C1|t1 − t2|1/2‖U‖Ht2. 2.25
For any finite sequence 0 ≤ t1 ≤ t2 ≤ · · · ≤ tk ≤ T and any sj , j  1, 2, . . . , k,
‖StkskStk−1sk−1 · · ·St1s1U‖Ht
≤ C‖StkskStk−1sk−1 · · ·St1s1U‖Htk
≤ Ceδsk‖Stk−1sk−1 · · ·St1s1U‖Htk
≤ Ceδsk1  C1tk − tk−11/2‖Stk−1sk−1 · · ·St1s1U‖Htk−1































where M ≥ 1. From Lemma 2.4, for any t ∈ 0, T, δ,∞ ⊂ ρAt. Then by Lemma 2.7,
{At}t∈0,T is a stable family. Obviously, AtU0 is continuously diﬀerentiable in X. So
Proposition 2.9 follows from Lemma 2.8.
From Proposition 2.9, we obtain the existence of solutions to the problem 1.1.
Theorem 2.10. Given f, g ∈ D and b ∈ C10, T;L2R3 \K, then there exists one and only one
solution ut, x of 1.1 such that




























Proof. Let U0  f, g
T , B  0, bT . By Proposition 2.9, there exists a solution Ut ∈
C10, T;H10R
3 \ K × L2R3 \ K ∩ C0, T;D of problem 1.3 such that U0  U0. Let
ut, x denote the forgoing three components of Ut, then ut, x is the solution of problem
1.1 and satisfies 2.27.
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3. Regularity of Solutions for the Exterior Problem
First, we show the energy inequalities for our problem. These inequalities play an important
role in the proof of the regularity of solutions.
Proposition 3.1. Suppose that


























is a solution of problem 1.1 and that bt, x ∈ C10, T;L2R3 \K, then for any given t ∈ 0, T,
we have














where CT is a constant which depends on T .
Proof. PutUt  u, ∂tu, thenUt ∈ D and satisfies
d
dt




 U′t, UtHt  Ut, U
′tHt  Ut, UtH˙t
 AtUt  Bt, UtHt  Ut, AtUt  BtHt  Ut, UtH˙t,
3.3






∣∣∣ ≤ C‖Ut‖2Ht. 3.4
By 2.4,
∣∣∣AtUt, UtHt  Ut, AtUtHt
∣∣∣ ≤ C‖Ut‖2Ht. 3.5


























Without loss of generality, we assume that ∂tut, x ∈ C0, T;H2R3 \ K ∩H10R3 \










U′t  AtU′t A′tUt  B′t.
3.8




























































H0 ≤ ‖A0U0‖H0  ‖B0‖H0 ≤ C
(







‖∂sbs, ·‖L2R3\K ds  ‖b0, ·‖L2R3\K
)
, 3.12
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and for all t ∈ 0, T,
∫ t
0
‖Bs‖Hs ds ≤ T
(∫ t
0
‖∂sbs, ·‖L2R3\K ds  ‖b0, ·‖L2R3\K
)
. 3.13







‖U0‖2  ‖b0, ·‖L2R3\K 
∫ t
0




















‖ut, ·‖H2R3\K  ‖vt, ·‖H1R3\K  ‖∂tut, ·‖H1R3\K  ‖∂tvt, ·‖L2R3\K














This completes the proof of 3.2.
Theorem 3.2. For h > 2, suppose that aijklt, x ∈ ChB0, T × R3 \ K, f ∈ HhR3 \ K, g ∈








, 0 ≤ β ≤ h − 2,
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If the compatibility conditions of order h−1 are satisfied, then problem 1.1 has a solution u such that







, 0 ≤ β ≤ h,
sup
|α|≤h




















, ∀t ≥ 0.
3.18
Proof. At first we prove








































i0, x, i  1, 2, 3, p  2, 3, . . . , h − 1, 3.20
then φp, φp1 ∈ D, p  1, 2, . . . , h − 2.























i, i  1, 2, 3,
vq10, x  φh−2x, ∂tvq10, x  φh−1x,
vq1t, x  0, x ∈ ∂K,
3.21
where
uqt, x  φ0x  tφ1x  · · ·  t
h−3




h − 3! vqr, xdr, 3.22
here u0 ≡ 0.
















































































This implies that vq converges to some v in C0, T;H2R3 \ K ∩ C10, T;H1R3 \ K ∩
C20, T;L2R3 \ K. Set
ut, x  φ0x  tφ1x  · · ·  t
h−3




h − 3! vr, xdr, 3.26
then uq tends to u in C0, T;Hh−2R3\K∩Ch−10, T;H1R3\K∩Ch0, T;L2R3\K.




































⎠  ∂h−2t b
i, i  1, 2, 3. 3.28
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i0, x, i  1, 2, 3, p  0, 1, 2, . . . , h − 2. 3.29
Therefore u is the solution of problem 1.1 and satisfies 3.19.
We now prove 3.18 by induction. When h  2, 3.18 follows from 3.2. For h > 2,
suppose that 3.18 holds for h − 1. We show that it still holds for h.












≤ the right-hand side of 3.19. 3.30














≤ the right-hand side of 3.19.
3.31










































‖ut, ·‖H3R3\K  ‖∂tut, ·‖H2R3\K














≤ the right-hand side of 3.19.
3.34
Diﬀerentiation of 3.33with respect to t gives
λ0I −AtU′t  λ0U′t −U′t  B′t −U′′t A′tUt, 3.35
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and by the above result A′tUt ∈ C0, T;H2R3 \ K ×H1R3 \ K,


































3 ≤ the right-hand side of 3.19.
3.37


















H3R3\K ≤ the right-hand side of 3.19.
3.38
Using this, we see the right-hand side of 3.33 ∈ C0, T;H3R3 \K×H2R3 \K, then by




























‖∂tut, ·‖H4R3\K ≤ the right − hand side of 3.19.
3.40


















H4R3\K ≤ the right − hand side of 3.19.
3.41
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4. Application to Elastrodynamics
It is well known that the displacement u  u1, u2, u3  ut, x of an isotropic, homogeneous,
hyperelastic material without the action of external force satisfies the following hyperbolic
system cf. 4, 5:




∇divu  Ft, x, 4.1
where F  F1, F2, F3, and c1, c2 are given by the Lame´ constants λ, μ:
c21  λ  2μ, c
2
2  μ. 4.2
We assume that μ > 0, λ  μ > 0.





aijklt, x∂j∂luk  0, i  1, 2, 3, 4.3
where A  aijklt, x stands for the elastic tensor.
The system 4.3 is the special case of the system 1.1. So by the existence Theorem 3.2,
we derive the existence of solutions for the initial-boundary problem to the elastrodynamic
system 4.3 outside a domain.
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